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The statement and complete analytical solution of the one-dimensional
self-similar problem of a strong point explosion in a gas is given by
sedov [ 1] (see also [2]). Here it was assumed that the initial density
of the gas p, either is constant or depends on the geometrical coordinate
r according to the following law:
p(r)=A4r"® @, A-—const, 4>0 (0.1)

In addition, it was considered that the initial pressure Py of the un-
disturbed gas can be neglected in comparison with the pressure p, at the
shock wave front. It is known that the latter assumption is correct only
for the initial stage of the explosion development, i.e. for a brief time
interval, As the shock wave propagates the influence of the initial
pressure becomes essential. Therefore, in the initial conditions of the
problem there appears an additional dimensional parameter Py by virtue
of which the problem ceases to be self-similar and all non-dimensional
characteristics of the flow will now depend not on one but on two vari-
ables. The non self-similar problem can be solved by numerical integration
of a system of nonlinear equations, and this has been done for the case of
constant initial density [3 ] with the help of high-speed computing
machines.

However, a simpler means of solving the problem for values of (p2 - pl)/
py < 1 can be proposed, which is based on a linearization of the basic
equations about the self-similar solution. For the problem of an explosion
in a perfect gas with constant density and adiabatic exponent y = 1.4
linearized solutions have been obtained previously [1,4,5 1. In those
papers the linearized non-dimensional parameter is ¢, which characterizes
the intensity of the shock wave and is equal to the ratio of the square of
the velocity of sound in the undisturbed gas to the square of the velocity
of the shock wave:
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g =ae? = ypyp7lc? (0.2)

In the present paper a solution of the linearized problem of an ex-
plosion taking into account back pressure in a medium with varying initial
density, which is determined by formula (0.1), will be considered. Using
the method of linearization on the variable parameter g, equations which
describe one-dimensional motions similar to the self-similar cases are
derived. A first integral of the obtained system of linearized equations
is found and an exact analytical solution of the problem is given for

3v—2+97(2—v)
Y+1 '

where v = 3 for spherical waves, v = 2 for cylindrical waves, and v = 1
for plane waves.

W =W =

(0.3)

1. Statement of the problem and the basic equations. We
shall take the initial system of equations of gas dynamics, which describe
the one-dimensional adiabatic disturbed motions of a perfect gas behind
the shock wave front, in the form
v v 1 ap
TV T e

a0 ap o v—1i y
FroEto(g +500)=0 (1.1)

ap op v v—1.\
L 0% (g +1520) =0

r

For the solution of the problem of a point explosion it is required
to find a solution of system (1.1) with the boundary conditions at the
shock wave front:

2
TF1

L1 2y — (v —1
(1—g)e, e o pp=22—=114 5 (1.9

Uy = Pzz.r_i+2q91, CEY,

Quantities immediately behind the shock wave front are denoted by the
index 2. Let rz(t) be the radius of the shock wave. Then

Vg =10(ry t), pp=10(rt), pr=p(rat), c=dry/dt

The dependence of v,(t), p,(t), p,(t), r,(¢t) on time is unknown before-
hand, their determination being equivalent to the determination of the
dependence of g(t). In addition to conditions (1.2), we also have the
boundary condition for the velocity at the center of symmetry

v(0, 1) =0 (1.3)

At time t = 0 a finite energy E, is released at the center of symmetry
and the initial conditions
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v(r,0)=0, p(r,0)=p,(r)= Ar—, p(r,0)=p, =const, r,(0)=0(1.4)

are given.

From the system which defines the parameters of this problem 4, p,,
E,, vy, o, r, t it follows that the required non-dimensional functions

fZU/VC, g’—“O,/"O:_,, h:p,/pz (1'5)
will depend on two non-dimensional variables, for which we take
h=r/ry g=a?’'c?
and on the constant parameters y and w.

Passing to the introduced non-dimensional variables and taking into
account that

) 1 2 a3 ¢ dg o )
gy e 797“7?(’27,;%—)7{)
2_al£_£dc_dlncz~<o_£dq>
¢ dt ¢ drg  drp q drs /"2
1 dlnp,  dinpy 1( . 2 dg
¢ T di T T drg ry ©- T——1+2qr2d_r;>
idlnpzﬂdlnpz__ 2y dg
c dt  drg [2y—(y—1)q]q dr.

system (1.1) can be transformed into the form

df | (v—1-+2¢)[2y—(y—1)q] 1 0k . [8f ! dg ©
(/=N 5T oy D ?3{7<—a—q——§—q—)r2‘m+7/:0

dlng | 9f ,v——i._._(ﬁlng 2 ‘)rﬂ——w-o
| ) Zd -

T 9 1—1-2¢) % ar, (1.6)
adlnh | [ of , v—1 /9Ink L 2 dg
e A I f>+‘\aq 12~:—(1—1)q1q>’2d—rﬁ0

We shall define the non-dimensional radius R, of the shock wave by the

formula .
Ry,=1ry/r° (r° =(E,’ pl)_“)

where r’ is a characteristic dynamic length.

In order to obtain the complete solution of the problem in the adopted
variables, it is necessary to determine f(A, ¢q), g(A, ¢), R(A, q) and also
of R,(g). For this it is necessary to find a solution of system (1.6) in
the A, g plane inside the square 0 < A < 1 and 0 < g < 1 which satisfies
the following boundary conditions:

at the shock
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=gt g)=h(1,9)=1  for r=1 (1.7)

at the center of symmetry
f0,¢)=0 for 2 =0 (1.8)

and the initial conditions
TR0 =/ (0), g(,0) =g @), RMO0)=h() for q=0 (1.9)

where fy(A), g, (A), hy(\) are known functions corresponding to the self-
similar problem [1,2 J. They satisfy the system

v 2(r—1) hy |, w—
(Jo—1) o = _&_*1):"“;_0“787:%:0

. <\ 8o , v—1 _
(70_")';—0+f0+ 5 fo—0=0 (1.10)

By’ ., ov—1
(fo— M + 1ty + 355 1) = =0
in addition

=7, &M =h=1 [0O=0 @111

Here, as also in all that follows, primes will denote differentiation
with respect to A. We note that system (1.10) can be obtained from (1.6)
by passing to the limit as q » 0.

For small values of ¢, i.e. for small values of the time, when the
explosion is still sufficiently strong, the solution of the problem set
down above can be sought in the form

10 @)= Fo (M) = ghi (1) — - .. o
g g)=go(M + g8 (M) + . -. Tzzﬁz'ﬁ"ﬁﬁ“
h(y, @)= hy(MN)+ ghy (M) + . .. (1.12)

Because a linearized problem is to be solved, then from (1.6), taking
into account system (1.10) and neglecting terms of order 42 and higher,
we obtain the following system of linear equations for determining the
functions f, (), g, A), h, () and the constant A

/.2'—1 ’ ’ -1 v
(o= o' + Tl b’ + (10 + 25 ) o +

N r o -_— i | 4y — —1)? r
'*‘[(fo‘_")fo a m2 v/nglT_T.rT?(lmz)—ho T%fogof)ll:o

g/t + o —N e + (”—}4 8o+ go’)h + (1.13)
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+ (5= f0+fo+v—w) T"_“w 0
1 holV + (Jo ‘_")h’”:"h + 5= >f1+'7(f )\ f0)121—

—1
—v(“sz — Ay k=0

From conditions (1.7), (1.8), taking into account (1.11) and (1.12), we
obtain boundary conditions for the sought for functions f, 1), g () and
h,A):

2
f1(1):—1—_+1' a(l)=nh1)=/0)=0 (1.14)

System (1.13) can be transformed into a form that is more convenient
for the investigations which follow. With this aim we shall introduce new
unknown functions FO), GI\) and H(A) which are connected to the functions
fi(’\)' gi()\) and hl()\) by the relations

L (M) =(fo—\)F, g (M) = g6, hy (\) = hH (1.15)

After the transformation,system (1.3) is written thus:

N , 2(y—1 A , ,, © —2
(fo— WP F' + T3 2 H + (/=) (210 + 25 )+ (1.16)

2 1) hy . v by — (1 —1)2 by
+2U=R S [ =1+ 2 e fo T S S fA = 0

(o= W F' + (o= 1G + (fy — ) F + (25 +%>(fo~l)1’+

=0 (1.17)

+(v:1 fo+fo'+V—m>G + (fo— 1) go __1

T )F+

To—NF + (fo—WH + (fy —1)1F + m,—n(

+(fo— 1) FH oty (fo + S L (T;;" D=0  (1.18)

From the two latter equations of this system it is possible to obtain
a first integral. Let us show this.

2. An integral of system (1.16)-(1.18) and a law of sheck
wave motion. If the quantities go'/go and h, /h be eliminated from
equations (1.17) and (1.18), then we will have

(fo— N (F’ —O

*1)(7F'*H)—V(7~1)F+v11—v("‘2_1 —4,)=0
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Replacing the independent variable according to the formula

1
dn
b= y

we obtain
2
%(F+G)+(m_v)1¢+vc_%;—“1=o
d , o e ] :
—E}:('{F—T—H)—-V('T—1)F+VH~V<T—QT— —A1)=0
Multiplying now the first equation by v(2y - 1)/(w - 2v) adding to the
relation so obtained the second equation and integrating the result, we

find

2y —1 2y —1 v 2y—1 —1
(L8150 ¢ ]p 4 "B 4 i = Coxp (— 2 B+ I — 4,

From the boundary conditions

Fiy=—24. GU)=0, HW=0, a®)=0

we find the constant of integration

3v—1 1
Clz(dn )(T+)+A1

2y (y—1)
If we make use of the adiabatic equation for the self-similar motions
ho’ 4 \
fo—M (-~ ) + 10 —v=0

and if we take into account that p = 0, g, = 1, h= 1 for A = 1, then we
obtain

L
e = (ho/ gh)vo—v

Thus, a first integral of system (1.16)-(1.18) is found which satis-
fies the boundary conditions at the shock wave:

v(2y—1) v(2y—1) —
[-——————-——-F T] F 4 —j;j:jgf—-(;4—17——

w—2v
v

_[Gr=Dx+1 ho \Te Y v 2y—1  y—1
_[ 2y (r—1) Al](gz) +')’—1w—2v+ 2y 4, (21)

The existence of an integral analogous to (2.1) was proved by Lidov

[61.

With the help of the obtained integral (2.1) the problem reduces to
the solution of a system of two linear equations, which for arbitrary
values of @ can be found by numerical integration.
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After finding the quantltles A, the dependence of R,(q) and 7(q) can
be found, where RZ =r /r and r = t/t% Here r° is a dynamu: length,
introduced earlier, and t0 is a dynamic time defined by the formula

1° = EgP A yo—orp ~v+2

It is known [1 ] that for the self-similar solution we have

_ (Lo 2 52,242 3. 2 9
r2(t)—(17> t, c 77—8r2t , 0—v+2——w (uz)

where a(y, w) is a known quantity.

If equations (2.2) be transformed to the introduced non-dimensional
parameters, then the dependence of R,(7) and 7 (q) can be found in the

sel f-similar problem:
2—v§

1
2 32\ ove u—1 v
Re@=2r00 @)= ()" o g” (2.3)

For the linearized problem of (1.12),by integrating and taking into
account (2.3),we obtain

Ry (q) = .%:q exp (4,9) (2.4)

Let us find r (q). Using the definitions of q, 7, R,, 1t is easy to
show that
dRz _ YRgm )l/'
dr (T

Since & /dq = (dR,/dq)(dr /dR,), taking into account (2.4) we find

2—w 2—vV—a

S (B () A g T e (P )

For small values of q it is possible to write

42—
Alq) 14 EETO 4.

(1 + Ayg)exp (2 5

Thus, for the determination of r (g) we obtain the differential equa-
tion
dv /%2 2—;7“)— ) [1+2\'—+2——A1q] 2_;0"
&= (Gz) O 7

Integrating this equation and determining the constant of integration
from the condition 7 (0) = O,we find the required dependence

2—vB 1

(@)= (75) - () a" [ [¥ + roat; 4rd] (2.5)
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Relations (2.4) and (2.5) give in parametric form the law of the shock
wave motion, i.e. the dependence of R,(r).

Using (2.4) and (2.5) and the conditions at the shock wave (1.2), it
is possible to determine the dependence of all characteristics of the
shock wave front from its radius and the time,

3. Exact solution of the problem for w = w,. It was shown
earlier that the solution of the linearized problem of an explosion in a
medium with variable density can always be obtained by numerical inte-
gration of system (1.16)-(1.18). However, in the case for which
3v—24(2—v)

Y +1
the solution of this problem can be given in the form of closed formulas.
This can be explained since for this value of w the self-similar solution
has the simple form

Jo(V) = 7+1 Bo (M) =N=2 ho(h) = (3.1)

0)::0.)1::

Substituting fo(A), go(), hy(A) from (3.1) into the coefficients of
equations (1.16)- ?1 18), we f1nd a system of three ordinary non-homogeneous
equations with coefficients which depend on the parameters y and v.

, 2 ,  2(v+ D) 2v
W LA — S Feo 2 Gt 2ot

by — (y—1)? *
+ ﬂ'—i)z { v + Al (7 ”{" 1)] -

WP - >\G'+2(~;—1)F+2‘”Tﬁ;j "g‘fjf) G=0 (3.2)

3 ’ vivy+1) y4+1 v —1 —_
M My + ) F— 2R = V(4% MA,)—O
This system is a system of equations with constant coefficients, if we
take I = In A as the independent variable,

For the solution of system (3.2), it would be possible to use integral
(2.1) which for @ = @, has the form:

v(2y—1) v(ZY -
[ ralr e g o+
Yyt (3.3)

By—Dr+1h 1 v Zy—1 , y—1_
=[Fwemn s tap T o A

But because the complete system (3.2) is easily integrated, one need
not use the integral (3.3). However, it can be useful in computing the
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dependence of the required functions on A and also as a check on the
calculation.

We shall find the general solution of the homogeneous system of equa-
tions (3.2). The auxiliary equation of the system (3.2) is written thus:

2(v4+1) 2 2
Ty y—1 =T ()
1
n+2(v—1) n—v—(,}/Y__—i2 0 =0 (34)
1
v (r 4 1) 0 n—v—(;%r)

To each root n. of equation (3.4) there corresponds a solution
exp (n;1) = A" of the homogeneous system.

The first root of equation (3.4) is equal to
n=v(+1)/(x—1) (3.5)
The second and third roots of equation (3.4) satisfy the following
quadratic equation:

5vy+3v+'2n_ DOTENB=1
Y+ 1- 1

n? -+

and are equal to
b b2 b 0%
n2=—2—1+|/ —Z—+b2’ ns=—‘2‘——]/—4‘+b2 (3.6)

where Svy + dv + 2 2v (vy + 1) (
by == ———/———, by = —1

T+1

~—

From (3.6) it is seen that n, = 0 for y = 3. The dependence of the
roots n,, n, and ny on v and y are given in the Table.

The general solution of a homogeneous system corresponding to system
(3.2) can be represented in the form

F (M) = coAm + cghts

(a2 =2 (r—1) S, (e +2—2)(1—1 . _
(T+Hv—(1—1) n, N G+ v—(1—1 ns Cgh 3.7)

(fra+vr+v) (=1 sn, | (QRat+vy -+ —1) 4o
G+hHyv—(—1Dn SN Ty = (y— T O

G (M) =A™

—1
HQ) = 727 PRLES

The particular solution of the non-homogeneous system of equations
(3.2) will this be

F = 0y, G=a«2, H:a3 (3.8)
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where «a

1) @,, @y are expressed in terms of A, v and y according to the
formulas
vy +N _ov—1 2
M= =D v R R (3:9)
iy —1 vy —v+42
a3*7[ T o+t A‘]

Using (3.7) and (3.8) we find the solution of system (1.13) for w= o,
in the following form

1_ '
(M) = T+I Moty - Cgh™ 4 cgh™ ]

eyl - (3.10)

e Lo (et 2v—2) (v —1)
g () =2 o e 4 SR S
(Ra+2v—2) (vy—1)
i v(T+1)—(T—1)nac3m]
Y =1 s (Qretvr+v) (=1 e
hl()‘)_‘)‘ [a’3 + 27 cl)\ + V(Y+1)—(T_1)"2 CZ)‘ +

(fra+ v+ (1—1) n
- vir+ 1) —(r—1)ns Csh }
We shall determine the constants ¢ , c,, c3 and A, so that the func-
tions f,(A), g,Q4), h (A) satisfy the boundary conditions (1.14),

Thus, from the latter equation of (1.14) (the velocity at the center
must be equal to zero), taking into consideration that n, for arbitrary
y 1s a negative quantity whose modulus is greater than unity, we obtain

¢, = 0; from the other equations of (1.14) we obtain a system of non-
homogeneous linear equations with coef{ficients which depend on y and v.
a1+c2+7—_2—_—1=0 (3.11)
(e +22v—2)(y—1)
Bt ot ST — =D 2 =0 (3.12)
y—1 (yre vy +v)(y—1) ., _
da+ 2'1 cl+ V(’r+1)—(’]’——1)"z 02—0 (3'13)

4. Results of calculations according to formulas of the exact solution.
If y from (3.12) is substituted into equation (3.13) and then equations
(3.11) and (3.9) are used, we obtain a relation for determining Al. The
quantity Al will depend on y and v.

After determining A1 from the system of equations (3.9), (3.11), (3.12),
we find the dependence on y and v of the quantities aj, @, @z, €4, c,.

The calculation formulas for finding the indicated quantities have the
form
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DBy 1 v—1 2
_ — —- B34 —
Ay="p" a = T T B=r At T
v—1 2
A3 = 2’{ —B4A1, Ca = :rj*-‘(l], 61:——[a2+(7——1)31c,]
where B - Ny + 2v—2 B e vy + v
Uy - D) —(7—1) 2’ T (v 4+ 1) —(y—1)ng
Bp— —L1 D By= YT—VE2
2w F D 2 (v F 1)
-1 v—1 3— —1
By~ T (BB — Jq) — BB~ B Be=-pt + T mon,
TABLE 1.
v Y [2F) ‘ ny t ny { —N, , % ] %2 ' —3X —Cy Lo Ay
1.2 12.6364(33.0000 5.9131[19.095(7.0942/10.86010.4756] 11.92312.9058|1.9778
1.4 (2.3333/18.000] 3.4540|16.487|3.2461|5.7213]0.4342) 6.5665 [1.7540[1.8755
3 5/5 [2.0000[12.000] 1.7684(15.268/1.8211)3.6070,0.4070; 4.2717|1.1789|1.8211
3.0 |1.0000] 6.0001 0.0000 {14.000i0.5333|1.3556/0.3778 1.6667 |0.4667|1.7778
7.0 10.0000{ 4.000|—0.803113.697(0.1635/0.4968!0.3887| 0.6098 {0.1699{1.7979
1.2 |1.8182(22.000{ 4.1894(13.280(6.6951{10.609/0.6470| 13.228|3.3049|2.0694
1.4 |1.6667[12.000| 2.2240]11.391|3.1520|5.5253|0.5926, 6.3238 [1.8481|1.9962
2 /3 {1.5000 8.000| 1.2394|10.489|1.7715|3.4429|0.5381 4.0315(1.22851.9191
3.0 [1.0000| 4.000; 0.0000| 9.500(0.5238(1.2619/0.4524] 1.5000(0.4762|1.8333
7.0 10.5000] 2.667, —0.5431| 9.207]0.1621}0,4549|0.4225! 0.5326 0.1712|1.8237

The results of the calculations are presented in the table.
The formulas (3.10) taking into account that €y = 0 are written thus:

{1 —
H(2) = T+;‘ A (a1 ™)

gi(A)=N""2[ay + aA™ 4 (7 —1) Bieaa™ ] (4.1)

hy (7‘):7“'[&34' TZ_T

1
oz (v—1) BgCg')»n’]

From the relation (0.3) in the case of spherical waves (v = 3),
cylindrical waves (v = 2) and plane waves (v = 1) we will have respect-
ively

W = ———— Wy == ——— Wy =
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The formula for finding the mass of matter enclosed in some finite
region containing the origin of the coordinate system
r
m=ag, S prLdr
0
shows that the initial mass will be of finite magnitude only in the

spherical and cylindrical cases. Therefore, the calculations were carried
out for these two cases.

The integral (3.3) in the case of spherical symmetry takes the form

=3 y—=1 p_ 3=V +Ng p..
r—1 7y —1
Br—1) (7 44) 3(y+D)
B S nl? B Sl QNN W) bW s W
[ 2y (r—1) - 1]

6 (27—1)(T+1)+7_1—-A,
-1 v —1 2

and in the cylindrical case

- 2 (y+1)
B G R U S DY NG [(3T‘"‘1)(T+1)+A1}7\ =
2 2 2(r—1
G ot U ) Gk 1 3 DR
2 Yir—1

The dependence of Rz(q) and r (q) is found from the relations (2.4) and

(2.5) in which it is necessary to set & = 51, where
1
1 (G VT--V-{-Z

Using the calculated constants and formulas (4.1), the dependence of
fl(A). gl(h) and hl(A) (Figs. 1,2,3 respectively) were constructed for
various values of y and v. With the help of the functions fl(h). gl(h)
and hI(A), and knowing the constant Al' it is possible to calculate the
characteristics of the motion for small values of gq.

& 0z 04 a6 & 114 i 02 04 a5 4, 7
A A
y=3 “—-—~~«Zl:i
- . o~
-43 = 43 S&
=2 \\ V=3 y=ie y=14 \
~06 7R -06 1867
' Y14 )\ g v
f 1567 f
-9 Y 09—
a b
Fig, 1.

In Figs. 4o and 4b the distribution of the non-dimensional pressure
k= hy + th is given in the spherical case for y = l.4 andy = 7 and in
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the cylindrical case for y = 1.4 for the values ¢ = 0 and ¢ = 0.2.

g
R

5 72 \\ 1 7 //ﬁ\
V=3
4 8 //

___———————;:E;;“~\\\ Y:a%y/// Y

Y=

a 6

/
N ' v=3 y=i2 [

YA
8 I 0/&:4/ /11//08/ 10

a /V
7
Lﬂ<z 0&//0

Fig. 3.

These graphs show the influence of back pressure on the development of
an explosion in the initial stage.

If the values for 2% found for v = 3 and v = 2 are equated, then we
obtain y = 3. In this case o, = 1. A comparison of the values of the non-

dimensional pressure for y = 3, @, = 1 and various v(v = 3, v = 2) is
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given in Fig. 5.

10
e h y=l4 “1h
Y=7
08 08
a6 06|
o% o g-0: V3|
g:0: ¥4 A
\g=02;v:3
g2 'Y Y,
4 /
V.
/
/ A
g 42 1) 92 (/233 a6 a8 10
a b
Fig. 4.

We note in conclusion that the exact solution for w= 2 in the parti-
cular case v = 3 obtained in the present paper supplements and makes more
precise the results of [ 7] (see also[8]).

h' _ :xf A\
N
A/

i A
) S A R

Fig. 5.

The author sincerely thanks N.S. Mel’nikov for discussing certain
questions which are examined in the present paper.
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